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Abstract
Auto-regulatory feedback loops are one of the most common network motifs. A wide variety of
stochastic models have been constructed to understand how the fluctuations in protein numbers
in these loops are influenced by the kinetic parameters of the main biochemical steps. These
models differ according to (i) which sub-cellular processes are explicitly modelled; (ii) the modelling
methodology employed (discrete, continuous or hybrid); (iii) whether they can be analytically
solved for the steady-state distribution of protein numbers. We discuss the assumptions and
properties of the main models in the literature, summarize our current understanding of the
relationship between them and highlight some of the insights gained through modelling.
1 Introduction
Gene regulatory networks (GRNs) provide an abstraction of the complex biochemical interactions
behind transcription and translation, the central dogma of molecular biology. Feedback has been
identified as an important motif in such networks, defined through the regulation of an upstream
process by one downstream of it. Auto-regulation is the most basic kind of feedback loop – a protein
expressed from a gene activates or suppresses its own transcription. These lead to positive or negative
feedback, respectively. It has been estimated that 40% of all transcription factors in E. coli self-
regulate [1] with most of them participating in auto-repression [2]. Many biological systems utilize a
combination of positive and negative feedback loops, such as the circadian and segmentation clocks
[3, 4].
Therefore, the computational and experimental study of the behaviour of auto-regulatory feedback
loops is an important field of study. Measurement of the distribution of protein numbers in living cells
using fluorescence microscopy [5] is now a routine process. Mathematical models represent a useful
tool to understand what sort of interactions in feedback loops lead to observed protein distributions,
potentially leading to insight into how noise (large fluctuations in gene products with low copy numbers
[6]) is managed at the subcellular level [7, 8]. These models have also been used to understand how
auto-activation influences the sensitivity to input signals and the speed of induction [9] and to gain
insight into the sources of noise in auto-regulatory networks [10, 11]. Various inference approaches
have also been devised to estimate the rate constants characterizing feedback loops from population
snapshot data [12, 13, 14, 15].
The conventional stochastic description of gene regulatory networks is given by the chemical master
equation (CME), a time-evolution equation for the probability of observing a certain number of gene
products at a given time [16]. This Markovian description is discrete in the sense that it takes into
account that molecule numbers change by integer amounts when a reaction occurs. In Section 2 we
describe the most common coarse-grained CME models for auto-regulatory feedback loops, elucidate
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the relationship between them and identify the regions of parameter space where their analytical
predictions for the distribution of protein numbers are accurate compared to a fine-grained model.
In Section 3 we compare and discuss continuous approximations of the CME using Fokker-Planck
equations and partial integro-differential equations and briefly review other continuous approaches. In
Section 4 we outline the main biological insights obtained using stochastic models. Finally, we conclude
in Section 5 where we identify open problems.
2 Discrete Models of auto-regulation
From a biologist perspective, a minimal model of auto-regulation should describe the main biochemical
processes describing the flow of information from gene to mRNA to protein and back to the gene. Hence
the model should describe transcription and translation (the two steps at the heart of the central dogma
of molecular biology), mRNA and protein degradation, and interactions of proteins with genes. For
simplicity we consider the case where there is a single gene copy and all processes are modelled as
first-order reactions except the protein-gene interactions which naturally follow second-order kinetics.
We refer to this model as the full model since it will be our ground truth, i.e. the finest scale model
that we shall consider here. The reactions describing this model are G ρu−→ G +M,M dm−−→ ∅,M k−→
M +P, P +G
σb−→ G∗, G∗ σu−−→ G+P,G∗ ρb−→ G∗+M,P dp−→ ∅. While this model is intuitive, it has not
been studied extensively because the mathematical description of its stochastic dynamics, as provided
by the chemical master equation, is not easy to solve analytically. In fact even in the absence of the
feedback loop, i.e. no protein-gene interactions, its master equation has still not been solved exactly
[17]. Hence historically, simplified versions of the full model have received much more attention in the
literature. These are the models by Hornos et al. [18] in 2005, Grima et al. [19] in 2012 and Kumar et
al. [20] in 2014. Henceforth we shall refer to these as the Hornos, Grima and Kumar models. There
exist other discrete models e.g. [21] which in certain limits reduce to the aforementioned three.
The three models share a few common properties: (i) They only describe protein fluctuations, i.e.
there is no explicit mRNA description. (ii) The models are discrete in the sense that protein numbers
change by discrete integer amounts when reactions occur. (iii) The chemical master equation for each
model admits an exact solution in steady-state conditions. These exact solutions have been obtained
using the method of generating functions but in other studies using similar models, the solution was
obtained using the Poisson representation [10, 23, 24, 25]. There are however important differences
between the models particularly how they describe protein production and protein-gene interactions
that are not often spelled out but can be discerned from the form of the CME. The Hornos model
assumes protein molecules are produced one at a time and neglects changes in the protein molecule
numbers when a protein binds or unbinds from the gene. The Hornos model (excluding bound-protein
degradation) is explicitly given by the set of reactions: G ρuB−−−→ G+P, P dp−→ ∅, P+G σb−→ P+G∗, G∗ σu−−→
G,G∗
ρbB−−→ G∗+P . Note that the effective rate of protein production in stateG is ρuB where B = k/dm
(the mean number of proteins produced by an mRNA molecule during its lifetime). The reason for
this is that if we define 〈nm〉 as the mean mRNA number in the full model then the effective mean
production rate is ρu〈nm〉 ≈ ρuk/dm = ρuB when mRNA equilibrates rapidly (dm  dp, a common
assumption as we discuss later). The same analysis follows for the effective production rate in state
G∗. The Grima model also assumes protein molecules are produced one at a time but takes into
account protein fluctuations from the binding-unbinding process, i.e. when a protein binds a gene, the
protein numbers are decreased by one and conversely they are increased by one when unbinding occurs.
The Grima model (excluding bound-protein degradation) is explicitly given by the set of reactions:
G
ρuB−−−→ G + P, P dp−→ ∅, P +G σb−→ G∗, G∗ σu−−→ G + P,G∗ ρbB−−→ G∗ + P . The Kumar model is similar
to the Hornos model except that proteins are produced in a burst (a phenomenon called translational
bursting) where the burst size is a random number. Specifically, the Kumar model is given by the set
of reactions: G ρu−→ G + rP, P dp−→ ∅, P + G σb−→ P + G∗, G∗ σu−−→ G,G∗ ρb−→ G∗ + rP , where is r is
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σb
<latexit sha1_base64="9g7NBHB8 Ye7P7gWGFY9D+OWCS2U=">AAACiHicbZHdShtBFMcna23T2NZoL4WyGApaQ tjVC9veKFWoF71IwaiQhHB2cpIMmY9l5mxIWPIk3rY3faM+TZ1NpJjogYE/ v/M9J0mlcBRFf0vBxovNl6/Krytbb96+267u7F47k1mOLW6ksbcJOJRCY4s ESbxNLYJKJN4k4/PCfzNB64TRVzRLsatgqMVAcCCPetXtjhNDBb0O4ZTyZ N6r1qJGtLDwqYgfRO303/GHr/M/zWZvpwSdvuGZQk1cgnPtOEqpm4MlwSXO K53MYQp8DENse6lBoevmi8nn4UdP+uHAWP80hQv6OCMH5dxMJXUFNCJjpPM 5hXbrUQV8ztfOaPC5mwudZoSaL1sOMhmSCYsPCfvCIic58wK4FX7qkI/AAi f/bStdFrVT5Cs75dNMC276uEYlTcmChw5JgdDFfvklygn6Dv+5L1g4Di7EU JCr//BX0fXvFnF8+CjYHyVeP8FTcX3UiI8b8c+odvaJLa3M9tg+O2AxO2Fn 7JI1WYtxlrE79ov9DipBFJwEX5ahQekh5z1bseDbPYmizOM=</latexit>
σu
<latexit sha1_base64="Q3IEj1ke u4JBhmYSIO+dc64Ys4A=">AAACiHicbZHdShtBFMcna1ttamvUy4IsDYItI ezqhbY3SlvQi16k0KiQhHB2chKHzMcyc0YSljyJt/amb9SnaWcTKSb2wMCf 3/mek+VSOEqS35Vo7dnzF+sbL6uvNl+/2apt71w64y3HNjfS2OsMHEqhsU2 CJF7nFkFlEq+y8ZfSf3WL1gmjf9A0x56CkRZDwYEC6te2uk6MFPS7hBMq/ KxfqyfNZG7xU5E+iPrpn6O9T7NfrVZ/uwLdgeFeoSYuwblOmuTUK8CS4BJn 1a53mAMfwwg7QWpQ6HrFfPJZvB/IIB4aG56meE4fZxSgnJuqrKGAbsgY6UJ Oqd1qVAn/5+t4Gp70CqFzT6j5ouXQy5hMXH5IPBAWOclpEMCtCFPH/AYscA rfttRlXjtHvrRTMfFacDPAFSppQhYCdEgKhC73Ky5Q3mLo8I+HgqXj4KsYC XKNb+EqunFuEcfvHwWHo6SrJ3gqLg+b6VEz/Z7Uzz6whW2wt+wdO2ApO2Zn 7IK1WJtx5tkdu2c/o2qURMfRx0VoVHnI2WVLFn3+C7ExzPY=</latexit>
G
<latexit sha1_base64="Ed/YdQ1k bJisahI7lNHFLWQ9JmE=">AAACeHicbVHJSgNBEO2M+2706KUxiAshzMSDH gMKevCgYFSIQWo6ldikp3vorhHD4Bd41Y/zVzzZE4OYaEHB49VeL06VdBSG H6Vganpmdm5+YXFpeWV1bb28ceNMZgU2hVHG3sXgUEmNTZKk8C61CEms8Db unxTx2ye0Thp9TYMU2wn0tOxKAeSpq7OH9UpYC4fG/4JoBCpsZJcP5RLcd 4zIEtQkFDjXisKU2jlYkkLhy+J95jAF0YcetjzUkKBr58NNX/iOZzq8a6x3 TXzI/q7IIXFukMTVBOiRjFHO1xTYTWYV5H+xVkbd43YudZoRavE9spspToY XD+AdaVGQGngAwkq/NRePYEGQf9PYlGHvFMXYTflzpqUwHZxgFT2TBU86pA SkLu7Lz1E9oZ/ww/uGRWDvVPYkueqFV0FXzyxif/9XshclmpTgL7ip16LDW nQVVhoHI3nm2RbbZnssYkeswc7ZJWsywZC9sjf2XvoMeLAb7H+nBqVRzSYb s6D+BUKsw+U=</latexit>
G∗
<latexit sha1_base64="4o7yZgin hT6F8bUeLqWvq4iu/nc=">AAACenicbVHJSgNBEO2MW9y3o5fBILiEMKOCH gWF5OBB0agQo9R0KrFJT/fQXSMJg5/gVb/Nf/FgTwxiogUFj1d7vSiRwlIQ fBS8icmp6Zni7Nz8wuLS8srq2o3VqeFY51pqcxeBRSkU1kmQxLvEIMSRxNu oe5rHb5/RWKHVNfUTbMbQUaItOJCjrqoPu48rpaASDMz/C8IhKLGhXTyuF uC+pXkaoyIuwdpGGCTUzMCQ4BJf5u5TiwnwLnSw4aCCGG0zG+z64m85puW3 tXGuyB+wvysyiK3tx1E5BnoiraV1NTm241k5+V+skVL7uJkJlaSEin+PbKf SJ+3nL/BbwiAn2XcAuBFua58/gQFO7lEjUwa9E+QjN2W9VAmuWzjGSuqRAU dapBiEyu/Laiif0U344V3DPLB9JjqCbPnc6aDKVYPY3fmV7EQJxyX4C272K +FBJbwMSie7Q3mKbINtsm0WsiN2wmrsgtUZZx32yt7Ye+HT2/R2vL3vVK8w rFlnI+YdfgGpMcSB</latexit>
+
+
dp
<latexit sha1_base64="uNSc9YZNWMS2kf45xlvLi9n6YbM=">AAACgXi cbVHNattAEF4raZvf1mmPuYiYglOMkdxDC70EGmgOOSQQx6a2MaPV2F682hW7o2AjfMwb5Jq+S499hL5FHiErO4TYzsDAxzf/80WpFJaC4H/J29h88/bd1 vbO7t7++w/lg4/XVmeGY5NrqU07AotSKGySIInt1CAkkcRWNP5ZxFs3aKzQ6oqmKfYSGCoxEBzIUb/jfpdwQnk665crQT2Ym78OwidQOdn/e/Xv9kFf9A9 K0I01zxJUxCVY2wmDlHo5GBJc4mynm1lMgY9hiB0HFSRoe/l85Zn/2TGxP9DGuSJ/zr6syCGxdppEtQRoRFpL62oKbFezCvK1WCejwfdeLlSaESq+GDnIp E/aLz7hx8IgJzl1ALgRbmufj8AAJ/evpSnz3inypZvySaYE1zGusJImZMCRFikBoYr78jOUN+gmPPOuYRGonoqhIFs7d3Ko2i+DOD5+kexECVclWAfXjX r4tR5eOnW+sIVtsUN2xKosZN/YCTtjF6zJOFPsjt2zP96Gd+wFXmOR6pWeaj6xJfN+PAKWyctU</latexit>
ρu
<latexit sha1_base64="oF2SojqZj/RyGq+bGv7ztEu/02U=">AAAChHi cbVHbSiNBEO2Mruv9+ujLoAi6hDCjyPq0CAr6IKKwUSEZQk2nkjTp6Z7trpHEId/hq36F3+KTv2JPImLiFhQcTt3rxKkUloLgteRNTf+Y+Tk7N7+wuLS8s rq2fmN1ZjhWuZba3MVgUQqFVRIk8S41CEks8TbunhTx23s0Vmj1l/opRgm0lWgJDuSoqG46ulEn7FGeDRqr20ElGJr/HYQfYPt4+ujt4fLh5aqxVoJ6U/M sQUVcgrW1MEgpysGQ4BIH8/XMYgq8C22sOaggQRvlw60H/o5jmn5LG+eK/CH7tSKHxNp+EpcToA5pLa2rKbCdzCrI/8VqGbWOolyoNCNUfDSylUmftF88w 28Kg5xk3wHgRritfd4BA5zcy8amDHunyMduynuZElw3cYKV1CMDjrRICQhV3Jefo7xHN+GTdw2LwO6paAuy5QuniCqfGcTu3pdkJ0o4KcF3cLNfCQ8q4b VT5xcb2SzbZFtsl4XsNztm5+yKVRln/9gje2LP3oxX9g68w1GqV/qo2WBj5v15B1XWy/0=</latexit>
ρb
<latexit sha1_base64="Rv8fz1kdbw6Js3oJ6YIsoxTavd8=">AAAChHi cbVHdShtBFJ5s409TW7Ve9mZpKKiEsKuIXolQQS+KpGBUSJZwdnKSDJmdWWfOSuKS5+itPoXP0qu+SmcTERM9cODjO//ni1MpLAXB35L3oby0vLL6sfJp7 fOX9Y3Nr1dWZ4Zjk2upzU0MFqVQ2CRBEm9Sg5DEEq/j4c8ifn2HxgqtLmmcYpRAX4me4ECOitpmoDttwhHl8aSzUQ3qwdT8tyB8BtWT8tG/+4v7p0ZnswT truZZgoq4BGtbYZBSlIMhwSVOKu3MYgp8CH1sOaggQRvl060n/g/HdP2eNs4V+VP2dUUOibXjJK4lQAPSWlpXU2C7mFWQ78VaGfWOolyoNCNUfDayl0mft F88w+8Kg5zk2AHgRritfT4AA5zcy+amTHunyOduykeZElx3cYGVNCIDjrRICQhV3Jefo7xDN+GFdw2LwPap6AuytV9OEVU7M4jDnVfJTpRwUYK34GqvHu 7Xw99OnV02s1X2jX1n2yxkh+yEnbMGazLObtkf9sAevWWv5u17B7NUr/Rcs8XmzDv+Dy5Hy+o=</latexit>
σb
<latexit sha1_base64="9g7NBHB8Ye7P7gWGFY9D+OWCS2U=">AAACiHi cbZHdShtBFMcna23T2NZoL4WyGApaQtjVC9veKFWoF71IwaiQhHB2cpIMmY9l5mxIWPIk3rY3faM+TZ1NpJjogYE/v/M9J0mlcBRFf0vBxovNl6/Krytbb 96+267u7F47k1mOLW6ksbcJOJRCY4sESbxNLYJKJN4k4/PCfzNB64TRVzRLsatgqMVAcCCPetXtjhNDBb0O4ZTyZN6r1qJGtLDwqYgfRO303/GHr/M/zWZ vpwSdvuGZQk1cgnPtOEqpm4MlwSXOK53MYQp8DENse6lBoevmi8nn4UdP+uHAWP80hQv6OCMH5dxMJXUFNCJjpPM5hXbrUQV8ztfOaPC5mwudZoSaL1sOM hmSCYsPCfvCIic58wK4FX7qkI/AAif/bStdFrVT5Cs75dNMC276uEYlTcmChw5JgdDFfvklygn6Dv+5L1g4Di7EUJCr//BX0fXvFnF8+CjYHyVeP8FTcX 3UiI8b8c+odvaJLa3M9tg+O2AxO2Fn7JI1WYtxlrE79ov9DipBFJwEX5ahQekh5z1bseDbPYmizOM=</latexit>
σu
<latexit sha1_base64="Q3IEj1keu4JBhmYSIO+dc64Ys4A=">AAACiHi cbZHdShtBFMcna1ttamvUy4IsDYItIezqhbY3SlvQi16k0KiQhHB2chKHzMcyc0YSljyJt/amb9SnaWcTKSb2wMCf3/mek+VSOEqS35Vo7dnzF+sbL6uvN l+/2apt71w64y3HNjfS2OsMHEqhsU2CJF7nFkFlEq+y8ZfSf3WL1gmjf9A0x56CkRZDwYEC6te2uk6MFPS7hBMq/KxfqyfNZG7xU5E+iPrpn6O9T7NfrVZ /uwLdgeFeoSYuwblOmuTUK8CS4BJn1a53mAMfwwg7QWpQ6HrFfPJZvB/IIB4aG56meE4fZxSgnJuqrKGAbsgY6UJOqd1qVAn/5+t4Gp70CqFzT6j5ouXQy 5hMXH5IPBAWOclpEMCtCFPH/AYscArfttRlXjtHvrRTMfFacDPAFSppQhYCdEgKhC73Ky5Q3mLo8I+HgqXj4KsYCXKNb+EqunFuEcfvHwWHo6SrJ3gqLg +b6VEz/Z7Uzz6whW2wt+wdO2ApO2Zn7IK1WJtx5tkdu2c/o2qURMfRx0VoVHnI2WVLFn3+C7ExzPY=</latexit>
G
<latexit sha1_base64="Ed/YdQ1kbJisahI7lNHFLWQ9JmE=">AAACeHi cbVHJSgNBEO2M+2706KUxiAshzMSDHgMKevCgYFSIQWo6ldikp3vorhHD4Bd41Y/zVzzZE4OYaEHB49VeL06VdBSGH6Vganpmdm5+YXFpeWV1bb28ceNMZ gU2hVHG3sXgUEmNTZKk8C61CEms8DbunxTx2ye0Thp9TYMU2wn0tOxKAeSpq7OH9UpYC4fG/4JoBCpsZJcP5RLcd4zIEtQkFDjXisKU2jlYkkLhy+J95jA F0YcetjzUkKBr58NNX/iOZzq8a6x3TXzI/q7IIXFukMTVBOiRjFHO1xTYTWYV5H+xVkbd43YudZoRavE9spspToYXD+AdaVGQGngAwkq/NRePYEGQf9PYl GHvFMXYTflzpqUwHZxgFT2TBU86pASkLu7Lz1E9oZ/ww/uGRWDvVPYkueqFV0FXzyxif/9XshclmpTgL7ip16LDWnQVVhoHI3nm2RbbZnssYkeswc7ZJW sywZC9sjf2XvoMeLAb7H+nBqVRzSYbs6D+BUKsw+U=</latexit>
G∗
<latexit sha1_base64="4o7yZginhT6F8bUeLqWvq4iu/nc=">AAACeni cbVHJSgNBEO2MW9y3o5fBILiEMKOCHgWF5OBB0agQo9R0KrFJT/fQXSMJg5/gVb/Nf/FgTwxiogUFj1d7vSiRwlIQfBS8icmp6Zni7Nz8wuLS8srq2o3Vq eFY51pqcxeBRSkU1kmQxLvEIMSRxNuoe5rHb5/RWKHVNfUTbMbQUaItOJCjrqoPu48rpaASDMz/C8IhKLGhXTyuFuC+pXkaoyIuwdpGGCTUzMCQ4BJf5u5 TiwnwLnSw4aCCGG0zG+z64m85puW3tXGuyB+wvysyiK3tx1E5BnoiraV1NTm241k5+V+skVL7uJkJlaSEin+PbKfSJ+3nL/BbwiAn2XcAuBFua58/gQFO7 lEjUwa9E+QjN2W9VAmuWzjGSuqRAUdapBiEyu/Laiif0U344V3DPLB9JjqCbPnc6aDKVYPY3fmV7EQJxyX4C272K+FBJbwMSie7Q3mKbINtsm0WsiN2wm rsgtUZZx32yt7Ye+HT2/R2vL3vVK8wrFlnI+YdfgGpMcSB</latexit>
+
+
dp
<latexit sha1_base64="uNSc9YZNWMS2kf45xlvLi9n6YbM=">AAACgXi cbVHNattAEF4raZvf1mmPuYiYglOMkdxDC70EGmgOOSQQx6a2MaPV2F682hW7o2AjfMwb5Jq+S499hL5FHiErO4TYzsDAxzf/80WpFJaC4H/J29h88/bd1 vbO7t7++w/lg4/XVmeGY5NrqU07AotSKGySIInt1CAkkcRWNP5ZxFs3aKzQ6oqmKfYSGCoxEBzIUb/jfpdwQnk665crQT2Ym78OwidQOdn/e/Xv9kFf9A9 K0I01zxJUxCVY2wmDlHo5GBJc4mynm1lMgY9hiB0HFSRoe/l85Zn/2TGxP9DGuSJ/zr6syCGxdppEtQRoRFpL62oKbFezCvK1WCejwfdeLlSaESq+GDnIp E/aLz7hx8IgJzl1ALgRbmufj8AAJ/evpSnz3inypZvySaYE1zGusJImZMCRFikBoYr78jOUN+gmPPOuYRGonoqhIFs7d3Ko2i+DOD5+kexECVclWAfXjX r4tR5eOnW+sIVtsUN2xKosZN/YCTtjF6zJOFPsjt2zP96Gd+wFXmOR6pWeaj6xJfN+PAKWyctU</latexit>
Full model Grima
Hornos Kumar
ρuB<latexit sha1_base64="FCm7MHpgr Api3KPX1LKeifp/XB4=">AAACe3icbVHdSgJBFB63/3+ry26WJKgQ2S2iLqWCu ogoyAzUZHY86uDszDJzVrTF9+i2XqJn6aonCZrViLQOHPj4vvN/gkhwg573nn Gmpmdm5+YXFpeWV1bXsusb90bFmkGJKaH0Q0ANCC6hhBwFPEQaaBgIKAeds1Qv d0EbruQd9iOohbQleZMzipZ6rOq2qlcRepjEg9N6NucVvKG5f4H/DXLF6ZOPp+ unt5v6eqZcbSgWhyCRCWpMxfcirCVUI2cCBovV2EBEWYe2oGKhpCGYWjIce+D uWKbhNpW2LtEdsr8zEhoa0w8DGxlSbJtJLSX/0yoxNk9qCZdRjCDZqFEzFi4qN 72B2+AaGIq+BZRpbmd1WZtqytBeaqzLsHYEbGyTpBdLzlQDJliBPdTUkgYwpF ymWyWXILpgO/zwtmAq7J7zFkeTv7KPkPkLDdDZ+xVsX+FPHv4vuD8o+IcF/9b+ ZJ+MbJ5skW2yS3xyTIrkktyQEmFEk2fyQl4zn07O2Xfyo1An852zScbMOfoCq tjJBQ==</latexit>
ρbB<latexit sha1_base64="gR6Z5bALw 4YY+waYLLSfUAw9MDo=">AAACe3icbVHdSgJBFB63/3+ry26WJKgQ2S2iLqWCu ogoyAzUZHY86uDszDJzVrTF9+i2XqJn6aonCZrViLQOHPj4vvN/gkhwg573nn Gmpmdm5+YXFpeWV1bXsusb90bFmkGJKaH0Q0ANCC6hhBwFPEQaaBgIKAeds1Qv d0EbruQd9iOohbQleZMzipZ6rOq2qlcRepgEg9N6NucVvKG5f4H/DXLF6ZOPp+ unt5v6eqZcbSgWhyCRCWpMxfcirCVUI2cCBovV2EBEWYe2oGKhpCGYWjIce+D uWKbhNpW2LtEdsr8zEhoa0w8DGxlSbJtJLSX/0yoxNk9qCZdRjCDZqFEzFi4qN 72B2+AaGIq+BZRpbmd1WZtqytBeaqzLsHYEbGyTpBdLzlQDJliBPdTUkgYwpF ymWyWXILpgO/zwtmAq7J7zFkeTv7KPkPkLDdDZ+xVsX+FPHv4vuD8o+IcF/9b+ ZJ+MbJ5skW2yS3xyTIrkktyQEmFEk2fyQl4zn07O2Xfyo1An852zScbMOfoCg /TI8g==</latexit>
ρuB<latexit sha1_base64="FCm7MHpgrApi3KPX1LKeifp/XB4=">AAACe3icbV HdSgJBFB63/3+ry26WJKgQ2S2iLqWCuogoyAzUZHY86uDszDJzVrTF9+i2XqJn6aonCZrViLQOHPj4vvN/gkhwg573nnGmpmdm5+YXFpeWV1bXsusb90bFmkGJK aH0Q0ANCC6hhBwFPEQaaBgIKAeds1Qvd0EbruQd9iOohbQleZMzipZ6rOq2qlcRepjEg9N6NucVvKG5f4H/DXLF6ZOPp+unt5v6eqZcbSgWhyCRCWpMxfcirCVU I2cCBovV2EBEWYe2oGKhpCGYWjIce+DuWKbhNpW2LtEdsr8zEhoa0w8DGxlSbJtJLSX/0yoxNk9qCZdRjCDZqFEzFi4qN72B2+AaGIq+BZRpbmd1WZtqytBeaqz LsHYEbGyTpBdLzlQDJliBPdTUkgYwpFymWyWXILpgO/zwtmAq7J7zFkeTv7KPkPkLDdDZ+xVsX+FPHv4vuD8o+IcF/9b+ZJ+MbJ5skW2yS3xyTIrkktyQEmFEk2f yQl4zn07O2Xfyo1An852zScbMOfoCqtjJBQ==</latexit>
ρbB<latexit sha1_base64="gR6Z5bALw4YY+waYLLSfUAw9MDo=">AAACe3icbV HdSgJBFB63/3+ry26WJKgQ2S2iLqWCuogoyAzUZHY86uDszDJzVrTF9+i2XqJn6aonCZrViLQOHPj4vvN/gkhwg573nnGmpmdm5+YXFpeWV1bXsusb90bFmkGJK aH0Q0ANCC6hhBwFPEQaaBgIKAeds1Qvd0EbruQd9iOohbQleZMzipZ6rOq2qlcRepgEg9N6NucVvKG5f4H/DXLF6ZOPp+unt5v6eqZcbSgWhyCRCWpMxfcirCVU I2cCBovV2EBEWYe2oGKhpCGYWjIce+DuWKbhNpW2LtEdsr8zEhoa0w8DGxlSbJtJLSX/0yoxNk9qCZdRjCDZqFEzFi4qN72B2+AaGIq+BZRpbmd1WZtqytBeaqz LsHYEbGyTpBdLzlQDJliBPdTUkgYwpFymWyWXILpgO/zwtmAq7J7zFkeTv7KPkPkLDdDZ+xVsX+FPHv4vuD8o+IcF/9b+ZJ+MbJ5skW2yS3xyTIrkktyQEmFEk2f yQl4zn07O2Xfyo1An852zScbMOfoCg/TI8g==</latexit>
Burst size B
ρu
<latexit sha1_base64="oF2SojqZ j/RyGq+bGv7ztEu/02U=">AAAChHicbVHbSiNBEO2Mruv9+ujLoAi6hDCjy Pq0CAr6IKKwUSEZQk2nkjTp6Z7trpHEId/hq36F3+KTv2JPImLiFhQcTt3r xKkUloLgteRNTf+Y+Tk7N7+wuLS8srq2fmN1ZjhWuZba3MVgUQqFVRIk8S4 1CEks8TbunhTx23s0Vmj1l/opRgm0lWgJDuSoqG46ulEn7FGeDRqr20ElG Jr/HYQfYPt4+ujt4fLh5aqxVoJ6U/MsQUVcgrW1MEgpysGQ4BIH8/XMYgq8 C22sOaggQRvlw60H/o5jmn5LG+eK/CH7tSKHxNp+EpcToA5pLa2rKbCdzCr I/8VqGbWOolyoNCNUfDSylUmftF88w28Kg5xk3wHgRritfd4BA5zcy8amDH unyMduynuZElw3cYKV1CMDjrRICQhV3Jefo7xHN+GTdw2LwO6paAuy5Quni CqfGcTu3pdkJ0o4KcF3cLNfCQ8q4bVT5xcb2SzbZFtsl4XsNztm5+yKVRln /9gje2LP3oxX9g68w1GqV/qo2WBj5v15B1XWy/0=</latexit>
ρb
<latexit sha1_base64="Rv8fz1kd bw6Js3oJ6YIsoxTavd8=">AAAChHicbVHdShtBFJ5s409TW7Ve9mZpKKiEs KuIXolQQS+KpGBUSJZwdnKSDJmdWWfOSuKS5+itPoXP0qu+SmcTERM9cODj O//ni1MpLAXB35L3oby0vLL6sfJp7fOX9Y3Nr1dWZ4Zjk2upzU0MFqVQ2CR BEm9Sg5DEEq/j4c8ifn2HxgqtLmmcYpRAX4me4ECOitpmoDttwhHl8aSzU Q3qwdT8tyB8BtWT8tG/+4v7p0ZnswTtruZZgoq4BGtbYZBSlIMhwSVOKu3M Ygp8CH1sOaggQRvl060n/g/HdP2eNs4V+VP2dUUOibXjJK4lQAPSWlpXU2C 7mFWQ78VaGfWOolyoNCNUfDayl0mftF88w+8Kg5zk2AHgRritfT4AA5zcy+ amTHunyOduykeZElx3cYGVNCIDjrRICQhV3Jefo7xDN+GFdw2LwPap6Auyt V9OEVU7M4jDnVfJTpRwUYK34GqvHu7Xw99OnV02s1X2jX1n2yxkh+yEnbMG azLObtkf9sAevWWv5u17B7NUr/Rcs8XmzDv+Dy5Hy+o=</latexit>
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Figure 1: Models of an auto-regulatory feedback loop. The full model has an explicit description of both mRNA
and protein but its CME has no known exact steady-state analytical solution. The Grima, Hornos and Kumar models
represent approximations of the full model wherein only the protein is explicitly described and the CME can be solved
exactly in steady-state. The Grima and Hornos models assume proteins are produced one at a time while Kumar assumes
bursty production with mean burst size B (denoted by dashed circles). The Hornos and Kumar models neglect protein
number fluctuations due to protein-gene binding and unbinding, whereas the Grima model takes them into account. The
Modified Kumar model is same as the Kumar model but takes into account fluctuations due to binding-unbinding; its
CME has no known exact steady-state solution. The LMA is a discrete approximation of the full model given by the
exact solution of the CME of a bursty protein production process with promoter switching and no feedback. The rate
of switching to state G∗ is not σb but σ∗b which is a function of all the parameters in the full model (see Supplementary
Note 7 in [22]). Note that under the assumption of rapid mRNA equilibration, the mean rate of protein production is
the same in all models and hence the models are indistinguishable when fluctuations are ignored.
a positive integer drawn from the geometric distribution with mean B. Note that the mean rate of
protein production in each of the two promoter states is the same as in the full, Grima and Hornos
models. The differences between the models are illustrated in Fig. 1.
The relationship of these models to each other and to the full model is still not completely under-
stood. In Fig. 2 we summarize our current understanding of the regions of parameter space where the
models’ analytical prediction of the steady-state protein number distribution agrees with stochastic
simulations of the full model (using the stochastic simulation algorithm, SSA [26]) for the case of posi-
tive feedback (panels I-IV) and negative feedback (panels V-VIII). We enforce fast promoter switching
conditions by choosing the rate constants of protein-gene binding (σb) and unbinding (σu) to be large
compared to the other rate constants. For the full model we also choose protein degradation rates
dp = 1 to be significantly smaller than mRNA degradation rates dm = 10. Both of these conditions are
common to many genes in both prokaryotic and eukaryotic cells [17, 27]. For each type of feedback,
there are 4 plots for combinations of small and large values of L and B where L = σu/σb is the ratio
of unbinding to binding rates (inversely proportional to the feedback strength) and B = k/dm is the
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mean burst size. For completeness, we also show the deterministic rate equation prediction for the
protein number in the full model (vertical orange lines).
The following considerations allow us to deduce which models are accurate in which part of param-
eter space. Models that assume protein fluctuations in the binding-unbinding process are negligible are
incorrect when feedback is strong (L is small), as recently shown in [28] – we shall call this Property
1. Models that assume proteins are produced one molecule at a time are only correct when B is small
– we shall call this Property 2. The reason for the latter property is as follows. It is well known that
when mRNA decays much faster than protein then the production of proteins in the full model without
feedback occurs in bursts of random size described by a geometric distribution with a mean of B and
the Fano factor of the protein distribution is 1+B [17]. In models that assume proteins are produced
one at a time, if there was no feedback then the Fano factor of the protein distribution would be 1
(since the distribution would be Poisson). Hence these models (with or without feedback) can only
provide a good approximation to the full model when B is small. Armed with Properties 1 and 2, we
can now explain Fig. 2. For strong feedback (small L), independent of burst size, by property 1 both
the Hornos and Kumar models fail to accurately match the full model. For low feedback (large L),
the Kumar model is accurate for all burst sizes whereas the Hornos model is only accurate for small
burst sizes (by Property 2). The Grima model is only accurate for low burst sizes (by Property 2)
independent of feedback strength. It is noteworthy that by modifying the Kumar model so that it
takes into account bursting (illustrated in Fig. 1 as Modified Kumar) then the steady-state protein
distributions obtained from the SSA of this model are practically indistinguishable from the SSA of
the full model. It is currently unknown if this model admits an exact analytical steady-state solution.
Figure 2: Comparison of stochastic simulations of the full model (denoted as SSA) with the steady-state analytical
distributions predicted by the reduced models of Grima (G), Hornos (H), Kumar (K) and the LMA (illustrated in Fig.
1). Panels I-IV show positive feedback (ρu < ρb) and Panels V-VIII show negative feedback (ρu > ρb). The rate equation
prediction for mean protein number in the full model is denoted as RE. Note that L = σu/σb is inversely proportional
to the feedback strength and B = k/dm is the mean protein burst size. The LMA provides the most accurate discrete
approximation of the full model (8 out of 8 regions of parameter space), followed by Grima/Kumar (4 out of 8 regions)
and Hornos (2 out of 8 regions). See text for discussion. The parameters for small L (I, II, V, VI) are σu = 103, σb = 105
and for large L (III, IV, VII, VIII), they are σu = 105, σb = 103. The parameter for small B (I, III, V, VII) is B = 10−2
and for large B (II, IV, VI, VIII), it is B = 10. The decay rates are fixed to dm = 10, dp = 1. The rest of the parameters
are: (I) ρu = 10−2, ρb = 103; (II) ρu = 10−1, ρb = 2.5; (III) ρu = 102, ρb = 103; (IV) ρu = 10−1, ρb = 2.5; (V)
ρu = 103, ρb = 102; (VI) ρu = 10, ρb = 1; (VII) ρu = 103, ρb = 102; (VIII) ρu = 2.5, ρb = 10−1.
Another common discrete approximation of the full model is the master equation for an effective
birth-death process for protein where the propensity of the production reaction is a Hill function
of the instantaneous number of proteins whereas the propensity for protein decay is the same as
for the usual first-order decay process. Specifically the propensity for the production reaction reads
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(Lρu + ρbn)/(L + n) (the symbols as defined in Fig. 1 and above). Hill type propensities of this
type or similar are in common use in the literature [9, 29, 30]. The reduced master equation for this
effective birth-death process can be solved exactly in steady-state and it is often thought to be a
valid approximation of the full model in the limit of fast promoter switching. It is worth noting that
Hill type propensities for protein production are not rigorously derived but rather written by analogy
to the effective rate of protein production obtained from the deterministic rate equations under fast
equilibrium conditions. Hence the master equation’s validity under the same conditions is doubtful
[31]. Indeed, it has recently been shown that in the fast switching limit, the steady-state solution of
this master equation is precisely the same as that of the Hornos model and hence is not an accurate
approximation of the full model if L is small [28] (the solution of this model and that of Hornos are
indistinguishable for the parameters in Fig. 2).
Lastly we consider a recent novel discrete approximation of a class of gene regulatory networks called
the Linear Mapping Approximation (LMA [22]). In the LMA, in the limit of fast mRNA equilibration,
the CME of the full model is approximated by the CME describing bursty protein production and
effective promoter switching with no feedback which has an exact steady-state solution. The LMA
provides a computational recipe by which the effective rates of promoter switching can be obtained as
functions of the parameters in the full model. The LMA together turns out to be the best discrete
analytical approximation of the full model, being accurate in all 8 regions of parameters space in Fig.
2. This is followed by Kumar and Grima (both accurate in 4 out of 8 regions) and Hornos (accurate
in 2 out of 8 regions). The modified Kumar model does as well as the LMA but it has no known
analytical solution. It is to be emphasized that the LMA gives only accurate results when the mean
number of proteins conditional on the gene being in state G is much greater than 1, a condition met
in all cases considered in Fig. 2.
In summary, what appear to be minor and subtle differences in the construction of discrete models of
auto-regulation, actually lead to considerable differences in the prediction of the steady-state protein
distribution. For both positive and negative feedback, the models all agree in only one region of
parameter space where the mean burst size and feedback strength are both small (small B and large
L). The differences between the Grima, Hornos and Kumar models and the full model originate from
the fact that these models where not derived rigorously from the full model but rather they were
written down intuitively. On the other hand, the LMA does so well because it is derived from the
full model. In this section we have considered models of the simplest type of auto-regulatory loop.
Discrete models of a loop with more complex mechanisms such as cooperative protein binding to the
gene and oscillatory transcription rates, e.g. due to circadian rhythms, have also been solved recently
[22].
3 Continuous and Hybrid Models of Auto-regulation
Besides discrete models there are also continuous models of auto-regulatory loops where it is assumed
that molecule number fluctuations correspond to hops on the real axis rather than on an integer
axis. The simplicity of the distributions provided by the continuous models often make the results
easier to interpret than those obtained from exactly solvable discrete models which are in terms of
hypergeometric functions.
These models are typically described by either the WKB approximation [30, 32, 33], the Linear-
Noise Approximation (LNA) (a type of a Fokker-Planck equation) [34, 35] or Partial-Integro Differential
Equations (PIDEs) [36, 37, 38, 39]. These are several variations of these three approaches in the
literature, too numerous to here enumerate. For the purpose of the present discussion we will compare
and discuss two LNA variants and a PIDE approach: (i) by LNA we specifically mean the Fokker-
Planck equation obtained by applying the LNA to the CME of the modified Kumar model in Fig 1.
(ii) by cLNA we mean the conditional LNA derived in [40] applied to the CME of the modified Kumar
model. (iii) by PIDE we specifically mean the model presented by Bokes and Singh for the case that
there are no decoy binding sites [38]; its solution is given by Eq. 26 in the SI of the aforementioned
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paper (this result has been previously reported [36, 41]). These three have the following different
properties: (i) LNA gives a Gaussian distribution, the cLNA gives a sum of two Gaussians, each
associated with one of the promoter states while the PIDE gives a unimodal non-Gaussian distribution
for the protein numbers (note that generally PIDE can give rise to bimodal distributions but not in this
case because there is no cooperativity). (ii) All implicitly take into account mRNA through the protein
burst size distribution. This is a geometric distribution for the LNA and cLNA models whereas it is
an exponential distribution for the PIDE model. (iii) The LNA and PIDE are continuum models but
the cLNA is a hybrid model because protein fluctuations are assumed continuous but gene fluctuations
are assumed discrete.
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Figure 3: (A,B) Plots comparing the accuracy of continuous approximations (LNA, cLNA, PIDE) versus the SSA of
the full model under fast, intermediate and slow rates of promoter switching for high and low basal transcription rates.
The parameter µ is large for slow switching and small for fast switching. LNA and PIDE approximations are accurate for
fast switching in high basal transcription rate conditions while the cLNA is more accurate for slow switching conditions.
All approximations break for low basal transcription. (C,D,E) show plots of LNA vs PIDE vs SSA of full model for fast
switching as the mean burst size B increases at constant transcription rates ρuB and ρbB. The LNA performs best at
low B while the PIDE performs best at large B. Note that the x-axis in (C,D,E) is logarithmic. The parameters are as
follows. (A) (I) µ = −5, ρu = 7, ρb = 25, B = 2, σu = 105 and σb = 104. (II) µ = 1, ρu = 7, ρb = 25, B = 2, σu = 10−1
and σb = 10−2. (III) µ = 2, ρu = 7, ρb = 25, B = 2, σu = 10−2, σb = 10−3. (B) (I) µ = −4, ρu = 10−4, ρb = 5, B = 2,
σu = 104 and σb = 106. (II) µ = −1, ρu = 10−4, ρb = 5, B = 2, σu = 10 and σb = 103 (III) µ = 2, ρu = 10−4, ρb = 5,
B = 2, σu = 10−2 and σb = 1. (C,D,E) ρuB = 30, ρbB = 20, σu = 106 and σb = 103.
To summarise our current understanding of the regions of their validity, in Fig. 3A,B we compare
the three approximations under fast, intermediate and slow rates of promoter switching for both
high and low basal transcription rates (ρu) versus SSA simulations of the full model. For high basal
transcription rates, the LNA and PIDE provide accurate approximations of the full model for fast
promoter switching (Fig. 3A, I) and breakdown for intermediate (Fig. 3A, II) and slow promoter
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switching (Fig. 3A, III) since they cannot capture the bimodality of the full model distribution. In
the latter regime, the cLNA performs well instead. These results make sense in the light that the
PIDE solution integrates out promoter switching by using a Hill-type function and hence presumes
fast promoter switching while the cLNA derivation assumes that promoter switching is much slower
than transcription, translation and decay. For intermediate switching, the cLNA misses the precise
location of the modes; this is a limitation imposed by trying to fit a Gaussian to each mode which
can be corrected for by using the conditional system-size expansion [42]. In contrast, for low basal
transcription rate, all three approximations fail independent of the switching rate (Fig. 3B, I-III).
This is because continuous approximations are only valid for large enough protein numbers and the
low basal transcription rate induces a mode of the protein distribution at zero. In Fig. 3C, D, E
we compare the LNA and PIDE approximations as the mean burst size B is increased at constant
transcription rate for fast switching conditions. The LNA does best for low burst sizes because the
full model distribution is almost Gaussian; the PIDE approximation is inaccurate here because for
small mean burst sizes, the exponential distribution of burst sizes is not a good approximation of the
geometric distribution. The reverse is true when the mean burst size becomes large: the full model
distribution is highly non-Gaussian and cannot be captured by the LNA but is well captured by the
PIDE, also because the exponential is a good approximation of the geometric distribution in this case.
In summary, various continuum models provide reasonably accurate analytical steady-state dis-
tributions for protein numbers in terms of simple functions, provided there is not a mode of the
distribution at zero and provided one is in the limit of either fast or slow switching. In the literature,
there are also analytically solvable continuum models with multiple gene copies [39] and a few results
are also known for promoter switching that is neither extremely slow nor exceedingly rapid [32].
4 Insights from models
There are at least two main insights obtained from the analysis of stochastic models of auto-regulation:
(i) Cooperativity is not necessary for protein distributions to be bimodal. Slow or intermediate pro-
moter switching can in some cases lead to bimodality, in the absence of cooperativity. (ii) There is not
a simple relationship between noise reduction or amplification and the type of feedback loop (negative
or positive). We next discuss each of these in detail.
Insight(i). An important property of auto-regulatory feedback loops is their ability to generate
protein distributions with more than one mode. Each of these modes can be associated with a sub
population of cells of a particular phenotype and hence their quantification is important for under-
standing cellular decision-making. These modes can arise in at least two ways: (a) If the deterministic
rate equations are bistable (typically arising from cooperativity) and provided leakage remains below
a critical threshold [37]; (b) If the deterministic rate equations are not bistable and there is substantial
noise due to the switching of a molecule between a discrete number of conformational states. This last
case is also called noise-induced bistability [43]. Hence bimodality in protein distributions does not
require cooperativity [44]. If promoter switching is slow enough then the system will alternate between
two steady-state protein distributions, each associated with a promoter state; hence if these distribu-
tions are well separated then the full distribution will appear to be bimodal and we can then say that
“noise in the gene states created the bistability”. This has also been shown to lead to birhythmical ex-
pression in genetic oscillators and to hysteresis in phenotypic induction [40]; furthermore it leads to an
enhancement of the sensitivity of the circuit’s response to input signals [9]. The LNA cannot capture
either type of bimodality because it is valid for those systems whose deterministic rate equations are
monostable [16], provided the average number of molecule numbers is large enough. Hybrid methods
such as the cLNA and others [45, 46, 47] can capture bimodality of type (b) because they model gene
states discretely. Methods based on PIDE can capture bimodality of type (a) but not (b) since they
do not model discrete gene states explicitly [37]. The same is true for protein distributions obtained
using the Fokker-Planck equation stemming from the Kramers-Moyal expansion [48]. Discrete models
can capture both types of bimodality [22].
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Insight (ii). Early work reported that negative feedback reduces protein fluctuations [49] whereas
positive feedback has the opposite effect [50]. For negative feedback there is an optimal feedback
strength at which the protein fluctuations are minimal [8]. However later work showed that models
with different assumptions can yield contradictory conclusions about how feedback affects noise [51].
More recently it has been claimed that the effect of feedback on noise can be more easily understood
via a noise decomposition [10]. Noise can be decomposed as the sum of three types: promoter noise,
birth-death noise, and correlation noise induced by feedback. In the case of slow switching, where
the promoter noise is dominant, positive feedback reduces the total noise, whereas negative feedback
amplifies it. In the case of fast switching, where the correlation noise is dominant, positive feedback
amplifies the total noise, whereas negative feedback reduces it. Further work in this direction can
be found here [11, 52]. Hence it appears that the general intuition that negative feedback reduces
noise while positive feedback increases it, is not correct. It follows that the ubiquity of negative self-
regulating transcription factors in prokaryotic cells cannot be explained by an evolutionary pressure
to select for mechanisms that enable control of protein noise [53].
5 Open problems
In summary, our literature review and comparative analysis shows that subtle differences between
models of auto-regulation can have a significant impact on the predicted distribution of protein num-
bers, e.g. different number of modes and different predictions for how positive and negative feedback
influence the size of protein number fluctuations. The current generation of reduced models have been
constructed intuitively (not derived rigorously from an underlying fine-scale model) and hence the
existing differences between them.
We conclude by briefly pointing out a few of the open problems in the field: (i) The exact solution
of the discrete modified Kumar model. The motivation for its study stems from the fact that stochastic
simulations show that (unlike the Grima, Hornos and Kumar models in the literature) it is in excellent
agreement with the full model for all feedback strengths and protein burst sizes, provided mRNA
decays much quicker than protein. (ii) The derivation of exact time-dependent solutions of the CME
for the Grima, Kumar and modified Kumar models (it is presently known for the Hornos model [54]).
The derivation of approximate time-dependent propagators has received recent attention [55]. Explicit
time-dependent solutions would enable a detailed study of how perturbations to an auto-regulatory
circuit, e.g. inhibition of certain reactions, affects the dynamics – this would aid the interpretation
of experiments of this type. (iii) The development of new continuous approximation methods that
can accurately predict the steady-state distribution of protein number of the full model without the
assumption of fast or slow promoter switching, i.e. valid for any intermediate switching. (iv) The
derivation of reduced models of feedback loops starting from fine-grained stochastic models incorpo-
rating biological processes which are known to affect gene expression such as partitioning of proteins
due to cell division, gene replication, gene dosage compensation and nascent mRNA maturation (such
models have been studied using simulations for systems with no feedback [56]). Likely such reduction
is possible by the careful application of timescale separation methods or possibly by mapping to an
effective CME with stochastic rates of transcription, translation and feedback [57].
In our opinion, the last of these open problems is probably the hardest and the most pressing since
it is imperative that the reduced models studied are biologically and physically realistic before further
mathematical analysis is undertaken.
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